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Numerical methods

Derivatives, integration, and random number homework, hand exercises

1) Consider the case where there are values at x;_1, x;, and x;, 1. Given the following Taylor expansions:

f1 () f ()

fCriva) = fO) + f1 ) Ceign —20) + = (xiva — x)? + (i - x;)?
, D) f )
fig) = Fx) + f () (g —x) + Tl(xiq —x)% + z = (xoq — x)°
Denote Ax = (x;;1 — x;) and Ax = —(x;_1 — x;), solve for f'(x;). This will be the 2-pt centered finite

difference formula with the truncation error term. (5 pts)

2) Now solve for f"'(x;). This will be the 3-pt centered finite difference formula. No truncation error terms will
appear since the Taylor series was not expanded to the f''"'(x;) term. (5 pts)



3) Consider the equation: f(x) = 4x3 — 3x + 2

f(x+Ax)—f(x) (
Ax

a. Analytically solve for the derivative by using the formal definition f'(x) = Alim0 3 pts)
X—

b. Analytically solve for the derivative by using the shortcut :—x (x™) = nx™ 1 (3 pts)

c. Compute f'(x) at x=4 (3 pts)

d. Compute f(x) at the following points. These will be used in the next question. (7 pts)

x=3.5 f(x)= x=4.1 f(x)=
x=3.8 f(x)= x=4.2 f(x)=
x=3.9 f(x)= x=4.5 f(x)=
x=4.0 f(x)=

e. Compute f'(x) at x=4 using the two-point centered finite difference with Ax = 0.5 (3 pts)

f. Compute f'(x) at x=4 using the two-point centered finite difference with Ax = 0.2 (3 pts)



Compute f'(x) at x=4 using the two-point centered finite difference with Ax = 0.1 (3 pts)

Compute f'(x) at x=4 using the results from f and g with Richard’s extrapolation (3 pts)

Compute f'(x) at x=4 using the three-point backwards finite difference with Ax = 0.1 (3 pts)

Compute f'(x) at x=4 using the four-point centered finite difference with Ax = 0.1 (3 pts)

Compute the second derivative f''(x) of the function at x=4 (3 pts)

Compute f"'(x) at x=4 using the three-point centered finite difference with Ax = 0.1 (3 pts)

4) On August 28, 2005, Hurricane Katrina was at the following positions.

Time Latitude Longitude
06Z 25.2 86.7
127 25.7 87.7
182 26.3 88.6

Using the equirectangular approximation (see http://weatherclasses.com/uploads/4/2/8/6/4286089/distance _calculations.pdf)
and central finite differencing, compute u, v, and translation speed at 12Z. (5 pts)



http://weatherclasses.com/uploads/4/2/8/6/4286089/distance_calculations.pdf

5) Numerical integration
a. Integrate f(x) = x* — 3 from x=1 to x=3 using calculus. Show all steps (5 pts)

b. Compute f(x) at the following points. These will be used in the next question. (3 pts)

x=1.0 f(x)= x=2.5 f(x)=
x=15 f(x)= x=3.0 f(x)=
x=2.0 f(x)=

c. Let Ax = 0.5. Approximate the area using the trapezoid rule (3 pts)

d. Let Ax = 0.5. Approximate the area using Simpson’s 1/3 Rule (3 pts)

e. If Ax = 0.25, the trapezoid rule computes an area of 42.94141. With this information, and the results
in 3¢, improve the area approximation with Richard’s extrapolation. (3 pts)



If we wanted to repeat Richard’s extrapolation, what Ax is needed? (3 pts)

Repeated usage of Richard’s extrapolation is which technique? (3 pts)

Compute f(x) at the following points. These will be used in the next question. (3 pts)

x=1.0 f(x)= x=2.2  f(x)=
x=1.4 f(x)= x=2.6 f(x)=
x=1.8 f(x)= x=3.0 f(x)=

There are six points (an even number of points). Simpson’s 1/3 Rule cannot be used by itself for an
even number of points. Combine Simpson’s 1/3 Rule with Simpson’s 3/8 rule to estimate the area. (3

pts)



6)

o o T 1 1
The area of a standard normal distribution within one standard deviation is Area = Ef—l e ' /2qx.

Compute the area using Gaussian quadrature in the four-weight formulation. (5 pts)

For the following simplified pseudo-random generation I}, ; = modulus(al}, + ¢, m), where the period is
at most m, a is a multiplier, and c is an increment. If the start value is 1, a=4, c=1, and m=9, compute
showing the steps: (5 pts)

Based on 6, answer the following: (2 pts each)

Define a “seed”-

Define a pseudo-random generator -

What is a good way to pseudo-randomize the seed?

List two ways truly random results can be generated

Random numbers can generate numbers on any x-y domain. Suppose an irregular polygon is imbedded in
this domain. How is the polygon’s area computed?



9) How could you compute the probabilities of dice combinations using random numbers? Assume each dice
has a value one through six. (5 pts)

10) Using the Rectangle (mid-point) rule, compute CAPE from the following sounding. See the notes and videos
in http://weatherclasses.com/the-skewt-and-related-diagnostic-tools.html for guidance. Continue to the
next page (8 pts)
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http://weatherclasses.com/the-skewt-and-related-diagnostic-tools.html

11) Other than the rectangle method, what is another way to perform integration on data with uneven
intervals? (3 pts)



