5.4 Polynomial Regression

In the previous section, we learned that a curve can fit into nonlinear data by
transforming the data into a form that can be handled by linear regression.
Another method is to fit polynomials of different orders to the data by means
of polynomial regression.

The linear least-squares regression of Section 5.2 can be extended to fit a set
of n data points (xy, yy), ..., (x,, y,) with an mth-degree polynomial in the form
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with a total error
n
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The coefficients a,, ..., a,, 4,, a, are to be determined such that E is mini-
mized. A necessary condition for E to attain a minimum is that its partial
derivative with respect to each of these coefficients vanishes, that is
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Manipulation of these equations yields a system of m + 1 linear equations
to be solved for a,,, ..., a,, a, ay:

nay + (zn:x,}ul + (ix,-z]uz ot [ixim]am = iyi
; . P =1

i=1

[ n x%}ﬂo + [ix?]ul + [ix?]az 4o [zn:xlmﬂJam — ixizyi (5.15)
i=1 ; : .

i=1

.
N B
K
Ne—
2
o
4
N
:M:
R
=
| S
2
.
N
EM:
L EE—
_

N}

+
e
S

&M

n n n n n
Zx,*” ap + "™ ey + zx,””z ay +--+ X" |y = Zxﬁ"yi
i=1 i i i

i=1



5.4.1 Quadratic Least-Squares Regression

The objective is to fit a set of n data points (x,, y,), ..., (x,, ¥,) with a second-
degree polynomial

y=a,x2+a,x +a,

such that the total error

E= zn:[y,- - (uzxf + apx; + ao)]z
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is minimized. Following the procedure outlined above, which ultimately led
to Equation 5.15, the coefficients a,, a,, a, are determined by solving a system
of three linear equations:
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The user-defined function QuadraticRegression uses the quadratic
least-squares regression approach to find the second-degree polynomial that
best fits a set of data. The coefficients a,, a,, a, are found by writing Equation
5.16 in matrix form and applying the built-in backslash “\” operator in
MATLAB®. The function also returns the plot of the data and the best qua-
dratic polynomial fit.

function [a2 al a0] = QuadraticRegression (x,y)

%

% QuadraticRegression uses quadratic least-squares

% approximation to fit a data by a 2nd-degree polynomial
in the form y=a2*x"2+al*x+a0.

[a2 al a0] = QuadraticRegression(x,y) where

a2, al and a0 are the coefficients that describe

%
%
%
%
% X, y are n-dimensional row or column vectors of data,
%
%
% the quadratic fit.

%



Example 5.4: Curve Fit: Quadratic Regression

Using quadratic least-squares regression, find the second-degree poly-
nomial that best fits the data in Table 54.

SOLUTION

>> x=0:0.4:1.6;
>> y=1[2.90 3.10 3.56 4.60 6.70];
>> [a2 al a0] =QuadraticRegression(x,y)

az2 =
1.9554

al =
—0.8536

a0 =
2.9777

The results are shown in Figure 5.13.

TABLE 5.4

Data in Example 5.4
x Y
0 2.90
04 3.10
0.8 3.56
1.2 4.60

1.6 6.70



6.5

55

Quadratic regression
y = 1.9554x2 ~ 0.8536% + 2.9777

FIGURE 5.13
Quadratic polynomial fit in Example 5.4.

5.4.2 Cubic Least-Squares Regression
The objective is to fit a set of n data points (x;, y), ..., (x,, ¥,) with a third-
degree polynomial
Y =a3x3 4+ a,x% + ax + 4,

such that the total error
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is minimized. Proceeding as before, a,, a,, 4,, 4, are determined by solving a
system of four linear equations:
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The user-defined function CubicRegression uses the cubic least-squares
regression approach to find the third-degree polynomial that best fits a set of
data. The coefficients a,, a,, a,, a, are found by writing Equation 5.17 in matrix
form and solving by “\" in MATLAB. The function also returns the plot of
the data and the best cubic polynomial fit.




Example 5.5: Curve Fit: Cubic Regression

Find the cubic polynomial that best fits the data in Example 54. Plot the
quadratic and cubic polynomial fits in one graph and compare.

SOLUTION

>> x=0:0.4:1.6;
>> y=[2.90 3.10 3.56 4.60 6.70];
>> [a3 a2 al a0] =CubicRegression(x,y)

a3 =
1.0417
a2 =
—0.5446
al =
0.5798
a0 =
2.8977

>> [a2 al a0l =QuadraticRegression(x,y)
% Previously done in Example 5.4

az =
1.9554
al =
—~0.8536
a0 =
2.9777
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FIGURE 5.14
Quadratic and cubic polynomial fits; Example 5.5.



Figure 5.14 clearly shows that the cubic polynomial fit is superior to the
quadratic one. The cubic polynomial fit almost goes through all five data
points, but not exactly. This is because a third-degree polynomial has four
coefficients but the data contains five points. A fourth-degree polynomial,
which has five coefficients, would exactly agree with the data in this exam-
ple. In general, if a set of n data points is given, then the (n — 1)th-degree
polynomial that best fits the data will agree exactly with the data points.
This is the main idea behind interpolation, and such polynomial is called an
interpolating polynomial. We will discuss this topic in Section 5.5.

5.4.3 MATLAB® Built-In Functions polyfit and polyval
A brief description of the MATLAB built-in function polyfit is given as
POLYFIT Fit polynomial to data.

P=POLYFIT(X,Y,N) finds the coefficients of a polynomial
P(X) of degree N that fits the data Y best in a least-
squares sense. P is a row vector of length N+1 containing
the polynomial coefficients in descending powers, P(1)*
X*N+P(2)*X" (N-1) +--+P(N)*X+DP(N+1).

This polynomial can then be evaluated at any x using the built-in function
polyval.

Example 5.6: Curve Fit: poly£it Function

Using the polyfit function, find and plot the third-degree polyno-
mial that best fits the data in Table 5.5. Apply the user-defined function
CubicRegression and compare the results.

SOLUTION

>> x=0:0.3:1.2;

> y=[3.6 4.8 5.9 7.6 10.9];
>> P=polyfit(x,y,3)

P =
5.2469 -5.6349 5.2897 3.5957
% Coefficients of the 3rd-deg polynomial fit

TABLE 5.5

Data in Example 5.6
x y
0 3.6
0.3 4.8
0.6 5.9
0.9 7.6

1.2 10.9




FIGURE 5.15
Cubic polynomial fit using polyfit.

>> xi=1inspace(0,1.2);

% Generate 100 points for plotting purposes
>> yi=polyval (P,xi);

% Evaluate the polynomial at these points
>> plot (x1i,yi) % Figure 5.15

>> hold on

>> plot(x,y,'o")

Execution of CubicRegression yields:

>> [a3 a2 al a0] =CubicRegression(x,y)

a3z =

5.2469
az2 =

-5.6349
al =

5.2897
a0 =

3.5957

The coefficients of the third-degree polynomial are precisely those
returned by polyfit.



