7.3 Formulating equations to solve for parameter
estimates

To determine best estimates of the parameters in an equation using the
technique of least squares, we begin with the weighted sum of squares of
residuals, x?, given by?
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where y; is the ith value of y (obtained through measurement), y,is the cor-
responding predicted value of yfound using an equation relating yto xand
0,is the standard deviation in the ith value of y.

As an example of fitting an equation with more than two parameters
to data, consider the equation

y=a+ bx+cx? ‘ (7.2)

To determine a, band ¢, replace J,in equation (7.1) by @+ bx, + cx? so that
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If the uncertainty in y, is the same for all x; then ois replaced by o, so that

(7.3)

(a+ bx;+ cx?) ?
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To find g, b and c that minimise y?, differentiate y?with respect to a, b and
cin turn then set the resulting equations equal to zero.
Differentia‘q;lg equation (7.4) gives
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Rearranging equations (7.5) to (7.7) gives

na+by x+c> x2=>y, (7.8)
a X+ b xi+ > xi= D xy, : (7.9)



a> x2+b> x3+c> xi=>" x2y, (7.10)
We can rearrange equations (7.8) to (7.10) and substitute from one equa-
tion into another to solve for @, b and c¢. However, this approach is labour
intensive and time consuming and the likelihood of a numerical or alge-
braic mistake is quite high. If the number of parameters to be estimated
increases to four or more, then solving for these estimates by ‘elimination
and substitution’ becomes even more formidable. An effective way to
proceed is to write the equations in matrix form, as solving linear equa-
tions using matrices is quite efficient, especially if software is available that
can manipulate matrices.

Writing equations (7.8) to (7.10) in matrix form gives

n >x >xt|la >y
>2x 2xb x|l b= Sxy (7.11)
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Equation (7.11) can be written concisely as3

AB=P (7.12)

where

no>x >x? a >
A= D Sxt Dx? B=|b P=| > xy
> > Dt ¢ P27

To determine elements, a, b and c of B (which are the parameter estimates
appearing in equation (7.2)), equation (7.12) is manipulated to give?

B=A"'P (7.13)

where A™!is the inverse matrix of the matrix A. Matrix inversion and matrix
multiplication are tedious to perform ‘by hand’, especially if matrices are
large. The built in matrix functions in Excel® are well suited to estimating
parameters in linear least squares problems.



7.4 Matrices and Excel®

7. 4.1

Example 1 ’
Use the MINVERSE() function to invert the matrix shown in sheet 7.1.

ANSWER

Inverting a 3X3 matrix creates another 3 X3 matrix. As the MINVERSE() function
returns an array with nine elements, we highlight nine cells (cells E1:G3 ) into which
Excel® can return those elements. Sheet 7.2 shows the highlighted cells along with the
function =MINVERSE(A1:C3) typed into cell E1. To complete the inversion of the
matrix shown in columns A to C in sheet 7.2, it is necessary to hold down the CTRL and
Shift keys then press the Enter key. Sheet 7.3 shows the elements of the inverted matrix
in columns E to G.

Among the many built in functions provided by Excel® are those related to
matrix inversion and matrix multiplication. These functions can be used to
solve for the parameter estimates (and the standard errors in the esti-
mates) appearing in an equation fitted to data.

The MINVERSE() function

Animportant step in parameter estimation using matrices is that of matrix
inversion. The Excel® function MINVERSE() may be used to invert a matrix
such as that appearing in sheet 7.1. The syntax of the function is

where array contains the elements of the matrix to be inverted.

=MINVERSE (array)

Sheet 7.1. Cells containing a square matrix.

A B C
1 2.6 7.3 3.4
2 9.5 4.5 5.5
3 6.7 2:3 7.8
4




Sheet 7.2. Example of matrix inversion using the MINVERSE() function in Excel®.

A B [ D E F | 6
1 2.6 7.3 34 =MINVERSE(A1:C3)
2 9.5 45 55 B
3 6.7 23 7.8 .
4

Sheet 7.3. Outcome of matrix inversion.

A B C D E F G
1 26 7.3 3.4 -0.09285 | 0.203164 |-0.10278
2 9.5 4.5 5.5 0.154069 0.01034 | -0.07445
3 6.7 2.3 7.8 0.034329 | -0.17756 | 0.238445
4

Exercise B

Use Excel® to invert the following matrices

25 99 67 6.7 9.9 3.4 33 7.0
42 65 41 87

7.8 30 69| = 7 76 35 || 84 34 82 39 29

8 45 3. 4 66 9.0 66 5.

8.8 45 3.2 o1 85 14 o1 94 6.6 9.0 6.6 56

. . 4 9. .
62 41 94 38 23 1.8 4 9.4 6.9

104 15 1.7 5.7 46

7-4.2 The MMULT() function

Matrix multiplication is required when performing least squares using
matrices. The MMULT() function in Excel® is an array function which
returns the product of two matrices.

Suppose P=AB, where

26 7.3 3.4 34.4
A=]95 45 55 B=) 43.7
6.7 23 7.8 12.3

The elements of the P matrix can be found using the MMULT() function.
The syntax of the function is,

=MMUIT (arrayl, array2)

where arrayl and array2 contain the elements of the matrices to be multi-
plied together.



Sheet 7.4. Worksheet containing two matrices, A and B.

A | B | c D E F G
1 A B
2 2.6 7.3 34 344
3 9.5 4.5 5.5 43.7
4 6.7 2.3 7.8 12.4
Sheet 7.5. Matrix multiplication using MMULT().
A | B | ¢ D E F G H
1 A B P
2 2.6 7.3 34 34.4 =MMULT(A2:C4,E2:E4
3 9.5 4.5 5.5 43.7
4 6.7 23 12.4

Sheet 7.6. Outcome of multiplying A and B appearing in sheet 7.4.

G

P

450.61

591.65

BN =

427.71

7.8




7-4.3

Table 7.1. x—y data.

x ¥

4 30.4

6 51.2

8 101.6
10 184.4
12 262.6
14 369.6
16 479.4
18 601.5
20 764.9

Fitting the polynomial y=a+ bx+ cx? to data

We now combine the matrix approach to solving for estimated parameters
discussed in section 7.3 with the built in matrix functions in Excel® to
determine a, b and c in the equation y=a+ bx+ cx?. Consider the data in
table 7.1. Assumingit is appropriate to fit the equation y=a+ bx+ ¢x? to the
data in table 7.1, we can find g, b and ¢ by constructing the matrices
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B=|b (7.16)

and
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P=1 >y , (7.17)
_Ex;zyi
Using the data in table 7.1 (and with the assistance of Excel®), we find
Exl. =108, Xy,=2845.6, 2x?= 1536, Xx3=24192, Ex‘i‘= 405312,
Sxy,=45206.6, Sx%,=761100.4, n=9.

Matrices A and P become

9 108 1536 2845.6
A=) 108 1536 24192 P=| 46206.6
1536 24192 405312 761100.4



As B=A"'P, we find (using Excel® for matrix inversion and multiplication)®

B=

o TR
Il

7.780 X10"! —1.380 x 107! 5.285 X 1078 2845.6
—1.380 x 107! 3.532X107% —1.586x107° || 46206.6
5285 x107% - 1.586 X105 7.708 X 107% || 761100.4

1.9157
—2.7458
2.0344

so that the relationship between x and y can be written, y=1.916 — 2.746x

+2.034x2.



