6.2.3 Estimate Improvement: Richardson’s Extrapolation

Derivative estimates using finite differences can clearly be improved by
either reducing the step size or using a higher-order difference formula that
involves more points. A third method is to use Richardson’s extrapolation,
which combines two derivative approximations to obtain a more accurate
estimate. The idea is best understood via a specific example.

Consider the approximation of the first derivative using the two-point cen-
tral difference formula. We will repeat some of the analysis done earlier, but
show more terms in Taylor series expansions for our purpose.
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Subtracting the first equation from the second, and solving for f'(x;), yields
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We next repeat this process with step size 7h. In the meantime, let
fGia2) = f(xi = 1h), f(xiay) = f(x; + 3h). Then, it can be shown that
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Multiply Equation 6.12 by 4 and subtract Equation 6.11 from the result to
obtain
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Therefore, two approximations provided by the two-point central differ-
ence formula, one with spacing # and the other with +h, each with error
O(h?), are combined to obtain a more accurate estimate of the first derivative
with error O(4).

Equation 6.13 can be expressed in a general form as
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where
D =value of the derivative
D), = a function that approximates the derivative using h and has an error
of O(h?)
Dy, =a function that approximates the derivative using 1/ and has an
error of O(h?)

Note that Equation 6.14 can be used in connection with any difference
formula that has an error of O(h?). Also note that the coefficients in Equation
6.14 add up to 1, and hence act as weights attached to each estimate. With
increasing accuracy, they place greater weight on the better estimate. For
instance, using spacing size 1/ generates a better estimate than the one
using 1, and consequently D, ,, has a larger weight attached to it than D,
does.
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Example 6.3: Richardson’s Extrapolation

Consider f(x) = e*sin(x/2) studied in Example 6.2. We approximated "(1.4)
using the three-point central difference formula, which has an error of
O(h?). Using 1 = 0.2, we found the estimate to be —0.0706. Using h=0.1,
the estimate was —0.0698. Therefore, D, =—0.0706 and D,,, = -0.0698. By
Equation 6.14

D= %(—0.0698) = %(—0.0706) = —0.0695

which agrees with the actual value to four decimal places and is a supe-
rior estimate to the first two.

Richardson’s extrapolation can also be used in connection with estimates
that have higher-order errors. In particular, it can combine two estimates, each
with error O(h%), to compute a new, more accurate estimate with error O(1°):
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where
D = value of the derivative
D, = a function that approximates the derivative using # and has an error
of O(h*)
D,,, = a function that approximates the derivative using +h and has an
error of O(h?)

Once again, as mentioned before, the coefficients add up to 1 and act as
weights attached to the two estimates, with greater weight placed on the
better estimate.





